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Quantum correlations in dipolar droplets: Time-dependent Hartree-Fock-Bogoliubov
theory
Abdelaˆali Boudjemaˆa and Nadia Guebli
Department of Physics, Faculty of Exact Sciences and Informatics,
Hassiba Benbouali University of Chlef P.O. Box 78, 02000, Ouled Fares, Chlef, Algeria.∗
We investigate the effects of quantum correlations on dipolar quantum droplets. To this end,
we derive self-consistent time-dependent Hartree-Fock-Bogoliubov equations that fairly describe the
dynamics of the order parameter, the normal, and anomalous quantum correlations of the droplet.
We analyze the density profiles, the critical number of particles, the condensate depletion, and the
pair correlation function. Our predictions are compared with very recent experimental and Quantum
Monte-Carlo simulations results and excellent agreement is found.
PACS numbers: 67.85.-d, 03.75.Kk
I. INTRODUCTION
Successful realization of quantum droplets in dipolar
Bose-Einstein condensates (BEC) [1–3] has opened an
avenue to exploit a broad range of exciting physical phe-
nomena of interest such as supersolid states [4–6] and
rotonic stripe phases [7]. Quantum droplets are stabi-
lized by quantum fluctuations and require a minimum
number of particles to be stable. This exquisite stabi-
lization mechanism originates from the balance of the
attractive mean-field energy and repulsive beyond mean-
field effects.
Recently, dipolar self-bound droplets have been the ob-
ject of intense theoretical investigations [8–23]. Many of
the results coming from these studies, such as ground-
state properties, lifetimes, and excitation frequencies of
the droplet, are based on the zero-temperature gener-
alized Gross-Pitaevskii (GGP) equation, which includes
the Lee-Huang-Yang (LHY) corrections [2, 3, 9–13]. The
main disadvantage of the GGP equation is that it fails
to predict the critical atom number compared to exper-
iments [3, 6] and to describe effects of quantum correla-
tions on the droplets [23]. These correlations manifest
in significant deviations of critical number of particles,
Bose condensate depletion, and pair correlation function
of self-bound droplets.
In this work, we develop a versatile theoretical model
describing the experiment realized by Bo¨ttcher et al.
[23]. Our analysis is based on the self-consistent time-
dependent Hartree-Fock-Bogoliubov (GTDHFB) equa-
tions where the order parameter is coupled to the normal
and anomalous correlations [21, 24–26]. Previous models
neglected these, difficult to compute, terms. The TD-
HFB equations are based on the Balian-Ve´ne´roni varia-
tional principle [27]. This latter requires that both the
state of the system and the observable of interest vary
in their own variational space. The main difference be-
tween the TDHFB approach and the other variational
treatments is that, in our variational theory, we do not
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minimize only the expectation values of a single operator
such as the free energy in the variational HF and HFB
approximations but we minimize an action in addition to
a Gaussian variational ansatz. In spite of the Gaussian
character of the variational ansatz, the approximations
obtained in this way go beyond the usual mean-field the-
ory and include correlations between particles [24, 27, 28].
These latter permit us to extract in a useful way the pair
correlation function. The TDHFB equations extend nat-
urally the GGP equation [1–3, 8, 9, 11–13, 15] and the
HFB-Popov theory [14] as well as the HFB approxima-
tion [29] since they include selfconsistently the dynamics
of the quantum correlations. They inherently contain
beyond-mean-field corrections due the presence of quan-
tum depletion and anomalous density in contrast to the
GGP model. An important feature of our theory is that
it remains valid for any number of particles in contrast to
the Quantum Monte-Carlo (QMC) method used in [23]
which is limited only for small number of particles.
We show that the quantum fluctuations induced by
interactions can be exactly determined using the TD-
HFB formalism, reproducing the seminal LHY results
[30–33]. By providing a numerical implementation of the
full TDHFB equations, we analyze the behavior of the
density profiles for various atomic numbers and interac-
tion strengths. Our results reveal that the interactions
and the number of particles may modify the shape of dif-
ferent densities. For relatively strong interactions, the
anomalous density exhibits a special structure near the
center. To the best of our knowledge, the anomalous
correlations have never been examined before for the self
bound droplet. Furthermore, we calculate the critical
number of particles, the condensate depletion, and the
pair correlation function. It is found that our theory
captures genuine quantum correlations effects predicted
from experiment and QMC simulations [23].
The rest of this paper is structured as follows. In
Sec.II, we present a description of the main features of
the current TDHFB theory of dipolar droplets. Section
III is devoted to the numerical results of the full TDHFB
equations. We calculate the density profiles, the criti-
cal number of particles, the condensate depletion, and
2the pair correlation function. The findings are compared
with available experimental and QMC data. Finally, our
conclusions are summarized in Sec.IV.
II. TIME-DEPENDENT
HARTREE-FOCK-BOGOLIUBOV EQUATIONS
THEORY
We consider a dipolar BEC with dipoles are oriented
along the z-direction and in a cylindrically symmetric
confinement, U(r) = 12mω
2
r(r
2 + λ2z2), where r2 =
x2+y2, and λ = ωz/ωr is the ratio between the trapping
frequencies in the axial and radial directions. The be-
havior of dipolar BECs including the effect of the LHY
quantum corrections and normal and anomalous corre-
lations is described by the nonlocal TDHFB equations
which can be written in the compact form as [21, 24–26]:
ih¯Φ˙ =
[
hsp +
∫
dr′V (r− r′)n(r′) + δµLHY
]
Φ, (1a)
ih¯
dρ
dt
= −2
[
ρ,
∂E
∂ρ
]
, (1b)
where hsp = −(h¯2/2m)∆ + U − µ is the single parti-
cle Hamiltonian, and µ is the chemical potential. The
density matrix ρ(r, r′) contains both normal n˜(r, r′) =
〈 ˆ¯ψ†(r) ˆ¯ψ(r′)〉 and anomalous m˜(r, r′) = 〈 ˆ¯ψ(r) ˆ¯ψ(r′)〉 com-
ponents with ˆ¯ψ(r) = ψˆ(r)−Φ(r) being the noncondensed
part of the field operators ψˆ(r). It is defined as [21, 24–
26]:
ρ(r, r′) =
(
n˜(r, r′) m˜(r, r′)
m˜∗(r, r′) n˜∗(r, r′) + δ(r− r′)
)
. (2)
In Eq.(2), the normal and anomalous correlation func-
tions represent the dipole exchange interaction between
the condensed and noncondensed atoms. In the local
limit they reduce, respectively to the noncondensed n˜(r)
and anomalous m˜(r) densities. It is worth stressing that
the density operator (2) satisfies the positivity condition:
if ρ ≥ 1 at t = 0, then this holds for all times. Such pos-
itivity preservation property implies that i) n˜(r, r′) ≥ 0,
and m˜(r, r′) = m˜(r′, r) (symmetric). ii) The equality
ρ(ρ+1) = 0 which yields the relation (4) holds true in the
sense of quadratic forms. iii) The conservation of the von
Neumann entropy. Furthermore, the hermiticity of the
density matrix implies that n˜(r, r′) is real. The total den-
sity is given by n(r) = nc(r) + n˜(r) with nc(r) = |Φ(r)|
2
being the condensed density. The energy of the system
reads
E(Φ, n˜, m˜) =
∫
drhsp(r)[n˜(r, r) + Φ(r)Φ∗(r)] (3)
+
∫
drdr′V (r− r′)|Φ(r)|2|Φ(r′)|2
+
1
2
∫
drdr′V (r− r′)[m˜∗(r, r′)m˜(r, r′)
+ n˜(r, r′)n˜(r′, r) + n˜(r′, r′)n˜(r′, r′)]
+
1
2
∫
drdr′V (r− r′)[n˜(r, r′)Φ(r)Φ∗(r′)
+ n˜(r′, r)Φ∗(r)Φ(r′) + n˜(r′, r′)Φ(r)Φ(r) + n˜(r, r)Φ(r′)Φ(r′)]
+
1
2
∫
drdr′V (r− r′)[m˜∗(r, r′)Φ(r)Φ(r′) + m˜(r, r′)Φ∗(r)Φ∗(r′)].
The two-body interactions potential reads V (r) = gδ(r)+
[Cdd(1 − 3 cos
2 θ)]/(4πr3), where g = 4πh¯2a/m corre-
sponds to the short-range part of the interaction that
is parametrized by the s-wave scattering length a. The
DDI coupling constant Cdd is characterized by the dipole-
dipole distance r∗ = mCdd/4πh¯
2 determined by the mag-
netic moment (r∗ = 129a0 for
162Dy, and r∗ = 131a0 for
164Dy [23] with a0 being the Bohr radius), and θ is the
angle between r and the polarization axis.
The right-hand side of Eq.(1b) can be evaluated as
[
ρ,
dE
dρ
]
ij
=
2∑
ℓ=1
(
ρiℓ
(
∂E
∂ρ
)
ℓj
−
(
∂E
∂ρ
)
iℓ
ρℓj
)
, i, j = 1, 2.
Explicit equations of motion for the matrix ρ elements,
i.e.(n˜ and m˜), can be obtained easily by employing the
usual convention: (∂/∂ρ)ij = ∂/∂ρji.
At zero temperature, the TDHFB equations (1) are
coupled with another useful equation linking the normal
and anomalous densities [24, 28]
n˜(r, r′) =
√
1
4
δ(r− r′) +
∫
dr′′m˜∗(r, r′′)m(r′′, r′) (4)
−
1
2
δ(r− r′).
Evidently, this equation which steems from the conser-
vation of the Von Neumann entropy [28], shows that the
anomalous correlations is larger than the normal correla-
tion even at zero temperature signaling the importance
of m˜ in ultracold Bose gases. Equation (4) permits us
to eliminate the variable n˜(r) and thus, the TDHFB
equations reduce to the coupled equations for the order
parameter and the anomalous correlation. Equivalently,
by applying the local density approximation (LDA), one
can also express the relation (4) using the definitions:
n˜(r) =
∑
k
v2
k
(r), and m˜(r) = −
∑
k
uk(r)vk(r), where
uk(r)vk(r) = [
√
εk(r)/Ek ±
√
Ek/εk(r)]/2 are the Bo-
goliubov functions with Ek = h¯
2k2/2m and εk(r) is the
local excitations energy [26]. Therefore, solving Eq.(4)
locally recovers the GGP used in the literature.
3Importantly, in our formalism the relevant LHY cor-
rections to the equation of state are obtained self-
consistently [21]
δµLHY(r)Φ(r) =
∫
dr′V (r− r′)
[
n˜(r, r′)Φ(r′) (5)
+ m˜(r, r′)Φ∗(r′)
]
.
The LDA evaluation of this term together with Eq.(4),
after dimensional regularization of the anomalous den-
sity [21, 33], gives gLHYn
3/2
c [32, 33], where gLHY ≃
(32/3)g
√
a3/π(1 + 3ǫ2dd/2) is the strength of the LHY
quantum corrections with ǫdd = r∗/a [2, 11, 14, 32, 33].
The dimensional regularization of the anomalous density
used here [21, 33] is equivalent to the Born approximation
for the interaction potential of Ref.[34] and valid at finite
temperatures [21, 33]. The contribution of the anomalous
density term in the TDHFB equations (1) is of second or-
der in the effective interaction potential. Remarkably, the
condensed density nc which constitutes our corrections,
appears as a key parameter instead of the total density
n found in [31].
Equations (1)-(4) are self-consistent and non-divergent
equations. They take into account the dynamics of the
normal and anomalous correlations without involving any
assumptions. Importantly, Eqs. (1b) provide a sophisti-
cate description of the measured physical quantities such
as the critical number of particles [23], since they allow
us to produce a lower negative energy, E , than that pre-
dicted by the GGP equation (see below). The usefulness
of the TDHFB theory appears in its accuracy at making
quantitative predictions in both BEC (low density) [24–
26] and droplet (hight density) regimes at zero and finite
temperatures [21]. TDHFB theories similar to our own
have been derived for BEC using different approaches
[35–41].
III. RESULTS
The density profiles of a static droplet can be found
by solving iteratively and selfconsistently the renormal-
ized time-independent version of Eqs.(1)-(4). The numer-
ical simulation was performed using the split-step Fourier
transform and the convolution method to remove the sin-
gularity of the DDI at the origin [22, 42]. Once the stabil-
ity is checked we proceed with the cylindrical symmetry
in order to compute the normal and anomalous exchange
contributions (for more details see Ref.[43]).
As can be seen in Fig.1 (a), the condensate, the non-
condensate population and the anomalous correlations
are intertwinned. The size of the noncondensed and
anomalous densities is larger than that of the condensate.
Similar behavior holds true in the two-fluid model of liq-
uid helium [44]. The condensed density is enhanced in
the low density surface region (edges) of the self-bound
droplet in the sense that the LHY corrections become
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FIG. 1. (a) Total density n (solid lines), condensed density nc
(dotdashed lines), noncondensed density n˜ (dotted lines) and
anomalous density m˜ (dashed lines) along the axial direction
of the droplet for N = 2× 103 atoms and a scattering length
of a = 60a0. (b) Anomalous density for different values of
a. Solid lines: a = 60a0, dotted lines: a = 90a0, and dashed
lines: a = 120a0. (c)-(d) The same as panels (a) and (b) but
for N = 104. Here interactions can be modulated thanks to
Feshbach resonance. The noncondensed and the anomalous
densities have been amplified ten times for clarity.
smaller and the main competition is between the mean-
field term and the kinetic energy. In this low density sur-
face region where the system is purely Bose condensed,
the order parameter can be described using the standard
TDHFB equations. We observe also that the total den-
sity n is comparable to the condensed density since the
local condensate depletion is very small at zero temper-
ature (curves with dotted lines). One should stress that
the depletion is quite small for quantum droplets even
in the bulk in stark contrast with the superfluid 4He
droplets (see e.g.[45, 46]). In this latter case, the sur-
face region can be regarded also as an inhomogeneous
dilute Bose gas but with nc ≈ 0.1n [45, 46].
Figure 1 (b) shows that the anomalous correlations
are larger than the normal correlation of the Bogoliubov
particles m˜ even at zero temperature as is foreseen in
Eq.(4). Surprisingly, the dip in the central density of m˜
is suppressed due to the dilutness of the droplet which
is in contrast to the trapped BEC case [24, 47]. Such
a dip appears near the center of the anomalous density
only for relatively strong interaction (a = 120a0) where
m˜ increases itself with the scattering length.
Figures 1 (c) and 1 (d) depict that the three densities
are increasing with the number of particles, N .
We now turn our attention to evaluating the conden-
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FIG. 2. (Color online) (a) Energy per particle from Eq.(3) for
the s-scattering length a = 60a0. (b) Condensate depletion
for a = 60a0 (black solid line) and a = 120a0 (red-dot-dashed
line).
sate depletion and the pair correlation function and com-
pare our results with QMC simulation points [23] and the
Bogoliubov theory [23]. To this end, we consider a homo-
geneous bulk (U = 0) with a density of n = 5.88× 1021
m−3, corresponding to the central density of a saturated
quantum droplet. In this regime, Eqs.(1) do not admit
uniform solutions with constant Φ, n˜ and m˜ but instead
they admit solutions with a negative energy which is in
perfect agreement with QMC [23] as is shown in Fig.2 (a)
indicating the formation of a stable self-bound droplet.
In Fig.2 (b) we plot our predictions for the conden-
sate depletion as a function of the density. We find that
the TDHFB predictions improve the Bogoliubov treat-
ment. This improvement which is lost in the GGP and
the Bogoliubov methods, brings our theory in excellent
agreement with QMC simulations of [23]. In the same fig-
ure, we observe that the presence of dipolar interactions
may enhance the condensate depletion which is in best
agreement with previous theoretical results [14, 31–33].
Strong atomic interactions, which lead to considerable ef-
fects of the anomalous correlation, can eject atoms from
the droplet to the noncondensate component, yielding
large quantum depletion (see the red-dot-dashed line).
This is in accordance with recent experimental results
obtained for weakly interacting BEC [48].
The second-order (pair) correlation function,
g(2)(r, r′) = 〈ψˆ†(r)ψˆ†(r′)ψˆ(r′)ψˆ(r)〉, is a fundamen-
æ
ææ
æ
æ
æ
æ
ææ
æ
æ
æ
ææ
æ
ææ
æææ
ææææææææ
ææææææææææææææææææææææææææææææ
à
à
à
à
à
àà
à
ààà
à
àà
ààà
ààà
ààà
à
à
à
à
à
à
à
ààà
à
à
à
à
à
à
à
à
à
à
à
à
àà
à
ààààà
à
à
à
àà
à
à
à
ààà
à
ààà
à
à
à
àà
à
à
àà
à
à
à
à
à
à
0 50 100 150
0
0.5
1
distance HnmL
P
ai
r
co
rr
el
at
io
n
g
H2
L H
sL
FIG. 3. (Color online) Pair correlation function g(2)(s) at a
density of n = 5.88× 1021 m−3, corresponding to the central
density of a saturated quantum droplet at a = 60a0. Red
squares and blue circles indicate directions perpendicular and
parallel to the polarization axis, respectively, correspond to
the QMC data [23]. Black dashed (parallel) and dotted (per-
pendicular) lines correspond to our TDHFB predictions.
tal quantity to characterize the coherence of the
self-bound droplet state. In our formalism it couples to
normal and anomalous correlations as:
g(2)(s) = n2c + 2nc
∫ ∞
0
dk
(2π)3
(
n˜+ m˜
)
eik.s, (6)
where s = |r − r′|. This expression clearly shows that
the pair correlation function depends on the anomalous
density. The absence of m˜ may affect the long-range be-
havior of g(2)(s). This latter can be obtained by insert-
ing the normal and anomalous correlations found from
Eqs.(1)-(4) into Eq.(6). We then carry out a quantita-
tive comparison to the recent experimental and QMC
simulations results of [23].
Figure 3 captures the behavior of the pair correlation
function g(2) at an equilibrium density of n = 5.88×1021
m−3. Because of the anisotropy of the DDI, g(2) splits
into two different directions parallel and perpendicular
to the dipole orientation. In the perpendicular direction,
the pair correlation function vanishes at short distances
and then increases monotonically similarly to ordinary
weakly interacting Bose gases. Whereas in the parallel di-
rection, g(2) grows significantly and develops a peak due
to the interplay of the DDI and quantum correlations.
For even larger quantum correlations, g(2) may exhibit
a steeper peak at small distances leading to reduce the
BEC coherence results in a new quantum phase tran-
sition. Impacts of DDI on the pair correlation function
have been highlighted in our recent work [32]. It is clearly
visible that the curves of the TDHFB approach and QMC
[23] agree with each other in both directions. The good
accordance with the QMC simulation reflects that the
long-range behavior of g(2) is accurately described by our
theory. Experimentally, the pair correlation function can
be measured using either a Bragg diffraction interferom-
eter [49] or four-wave mixing of the collision of two BECs
[50].
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FIG. 4. Critical atom number of a self-bound dipolar quan-
tum droplet for 162Dy (blue points) and 164Dy [8] (black
squares). Blue line shows the numerical solutions of the GGP
equation [23]. The red dashed line shows the correspond-
ing boundary as expected from an increased effective dipolar
length due to a finite collision energy 100 nK [34]. The red
triangles show the results obtained by QMC simulations [23].
Green dashed line corresponds to our TDHFB predictions.
Let us now focus on the critical number of particles
Ncr of the self-bound droplet. We extract the number
of particles using the method outlined in [23] and choose
U = 0. We then compare our findings with available ex-
perimental data, GGP equation and QMC results. Fig-
ure 4 shows that the critical atom number obtained from
the TDHFB theory is lower than that of the GGP equa-
tion even with an effective enhancement of the dipolar
length. This downward shift of Ncr which is in good
agreement with the experimental results and QMC sim-
ulations of [23], is due to the effects of qunatum correla-
tions. We see also that Ncr is rising with the scattering
length but still harmonious with the experimental error
bars. The critical atom number for self-bound droplets
can be measured by applying a magnetic field gradient
along the z-direction after the preparation of the BEC
[23].
IV. CONCLUSIONS
In this paper, we investigated the effects of quantum
correlations on the dipolar droplet state using the TD-
HFB theory in which the LHY term is derived with-
out involving any subsidiary assumptions. The conden-
sate, noncondensate and anomalous density profiles of
the droplet have been deeply analyzed. Our results re-
vealed that the condensed density is enhanced in low den-
sity surface region of the droplet. The anomalous density
is increased with interactions and number of atoms and
its shape is modified due to crucial role of the quantum
correlations. We demonstrated that our TDHFB theory
is able to produce excellent predictions for the conden-
sate depletion, and the pair correlation function that have
been measured experimentally and with QMC [23]. We
elucidated the crucial role played by normal and anoma-
lous quantum correlations on critical number of particles
and found that this latter is lowered owing to the intrigu-
ing effects of the quantum correlations. Results showed
that the TDHFB predictions, and QMC simlations are in
very good agreement with each other. Our results pave
the way for investigations on effects of quantum correla-
tions on the behavior of supersolid and striped phases in
dilute dipolar droplets.
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